This question is about the equation

ch+u-Vo—eVio = fonQ, ?zOOnaQ, (1)
n

where:

(a)

—  is a d-dimensional polygonal domain with boundary 0¢2,
—c>0,
— f is a known function,

— u € C1°°(Q)? is a known vector-valued function satisfying V-« = 0, and u-n = 0 on 9.

|t] oo = maxgeq |u(x)| = Cy < 0.

Derive a weak formulation of this equation for a solution ¢ € H*(Q) of the form
a(q,9) = F(¢), VH'(Q). (2)
[5 marks]
Solution: UNSEEN
Multiplying by a test function q and integrating by parts, we obtain

/chqﬁ—v-(uq)gb—I—qu-ngdx:/qudx, Vg € H(Q).

Equal credit for the formulation without integrating by parts in the advection term (they are
equivalent).

Obtain estimates for the continuity and coercivity constants of af(-,-).
[10 marks]

Solution: UNSEEN
From Cauchy-Schwarz,

la(q, )| = /chcb—qw-u—¢u-Vq+qu-v¢dx,

< cllgll ez l19ll @) + Coll Vall 2@ lI9ll 2 + el Vall 2o Vo 2o,
< (c+Co+€) llallm @l e,

so the continuity constant is ¢ + Cy + .
To compute the coercivity constant, first note that the advection term is skew-symmetric,
since

/QV-(uq)¢dx:/QV:'qung—i—(u-qubdx,

=~ | V- (wo)qda.
after integrating by parts. Hence,
a(6,6) = [ co”+ Vol dx,
> min(c, €)[|¢]| (),

so the coercivity constant is min(c, €).



(c) What happens to the H! norm of the error in the P! finite element approximation of this
problem as ¢ — 07 Justify your answer.

[5 marks]

Solution: UNSEEN
From Céa’s Lemma, we have

c+Co+e

| on — Ol () < ;

113 (@)

(assuming that ¢ > €), which tends to infinity as € — 0. Hence the error can be arbitrarily
large in that limit.
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For a ball B in a triangle K, the averaged Taylor polynomial of a function u € H*(K) of
degree k is defined by

-y
Qo) = o [ 3 Douln = ay ®)
|B| |o%<:k al
For |3] < k show that
D°Qypu(a) = Qr-jg,5D"u(x). (4)
[8 marks]

Solution: SEEN
For continuous functions u € C*(K), we have

Tiyu(z) = Y Du |y> .
|| <k a:
Then,
:U _ (3
DT yu() = D* Y Deuy) =)
lal<k @
(. —y)*?
= Y Du(y)F—%.
1BI<]al<k (@ —p5)!
(z —y)~
= Y DPu(y)——",
| <k—|8] (a)!
(x —y)”
= Y D*Dluly)——,
| <k—18| (a)!
= Ty iy D u(z).
Then,
DPQy. pu(z) = ’5’ / Ty ude,

Ty Dudx
‘5‘/ 1Bl

= Qr1p.8D"u(x).

For the rest of the question we assume that K has radius 1. Let u € H*"(K). Assuming
that, for i <k,
|Qi,Bu — ul|r2(x) < Clu|grir (k) (5)

show that
I1D7(Qi.u — u)| 2y < Clul s (s, (6)

for |8 < i < k.



Solution: SEEN
From the previous result

DB(QLBU —u) = Qi_\5|73D5u — Dﬁu,
SO

HDB<Q1,BU — U)HLQ(K) = ||Qi—\Bl,BD6u — DﬁuHLz(K) S C’DBU’Hk—mHl(K) = C|u]Hk+1(K).

(c) Using the property
I T xullgrrey < Cullull grixy, (7)
for the nodal interpolation operator Iy corresponding to a finite element (K, P, ), show
that
[Txcu — ul ey < Calul e gy, (8)

for some positive constant Cy, stating any assumptions you make about (K, P, ).

[4 marks|

Solution: SEEN

|Tu — | gy < [Teu — Qr,u + Qr,BU — U] gr (),
< |Ivu — Qr Ul e (xey + |Qr,pU — Ul ey,
= [Ix(u — Qr.8u) | gr(x) + |Qr,BU — Ul ek,
< |I(u — Qr.w) | (i) + |Qr,BU — | i (k)
< (Cr + 1)|Qr,u — u| gr sy,
< (C1 + 1)Colul gr (),

as required, where we used that ‘P contains all polynomials of degree k in the third line. In
the last line we used the result of part (b) with |3| =i =k, with Cy = CN where N is the
number of multi-indices 3 with |5| = k. So, Cy < (Cy + 1)Cs.
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3.  Consider the following triple (K, P, N).

— K is a triangle with vertices z1, 2o, 23.
— P are the polynomials of degree < 3.
— N are dual variables given by evaluations at 21+ (29— 21)i/3+ (23— 21)j /3 for 0 < i < 5 < 3.

(a) Show that N determines P.
[10 marks]

Solution: SEEN SIMILAR

Let p € P be mapped to zero by all dual variables. Restricted to 11y, the line between 2z, and
21, p is a degree 3 polynomial vanishing at 4 places, so it is zero. Therefore p = Li(x)Q1(z)
where L, (x) is a non-degenerate linear function vanishing on I1,. Working through the other
two lines, we obtain that p = cL(x)Ls(x)Ls(x), where none of the L functions vanish away
from the three edges of the triangle. But p also vanishes at the centre of the triangle, so
c=01ie p=20 as required.

(b) Describe the geometric decomposition for this finite element, and explain why it is a C°
decomposition.

[10 marks]

Solution: SEEN SIMILAR

We associate the point evaluation at vertices to their corresponding edges, point evaluation
on edges away from vertices to their corresponding edges, and point evaluation at the centre
to the triangle itself. Being C° requires that when restricted to a vertex, the function can be
reconstructed purely from the corresponding vertex node. This is clear because there is just
one point value to reconstruct. Being C° also requires that when restricted to an edge, the
function can be reconstructed purely from nodal variables assigned to the closure of the edge.
Since we have 4 values along the edge including the two vertices, this completely determines
the cubic function along that edge.
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Consider the heat equation,

(Z = kV*T, (9)

solved for a time-dependent function 7" on a closed simply-connected domain 2, with boundary
conditions 2L = 0 on the boundary 9.

(a)

(c)

on
Given a C? finite element space, formulate a finite element discretisation of the heat equation
(9).
[5 marks]

Solution: UNSEEN
The variational form is obtained by multiplying both sides by a test function v and integrating
by parts to obtain

(0. Ty) 2 = —k(V0, VT) .

The finite element discretisation is then find a time-dependent T' € V), such that

(v, Ty) 2 = —k(VV,VT) 2, Yv € V).

Show that the discretisation can be written in the form
MT = KT, (10)
where T is the vector of basis coefficients for 7" in the finite element space V/,.

[5 marks]
Solution: UNSEEN
Introducing basis expansions

v="> udi(z), T =2 Ti(t)d(x),

we get

S 3 ({66, 65) 2T 4+ 5{V6:, Voy)iaT)) = 0,

but this equation must hold for arbitrary basis coefficients, so

> | (hir b5) 12 T4k (V¢i, V)2 Ty | =0,
j N——— N—— —

:]\L] :KU
as required.

Quoting results from lectures, show that

d
< — /T2 11
dt/Q de < -C A dz, (11)

providing an upper bound for the decay rate C'.



[5 marks]

Solution: UNSEEN
For Dirichlet boundary conditions we have the result

/' T?dz < op/' VT2 dz.
Q Q

Then, taking v =T in the variational form,

d/Tzdm:Q/TTtdx,
dt Ja Q

_ —2/€/ VT2 dz,
Q

S—%/Tzdx.
C, Ja

(d) Explain why this means that the decay rate for the finite element discretisation is larger than
or equal to the decay rate for the unapproximated equation.

[5 marks]

Solution: UNSEEN
The Poincaré constant for H' is

foT?dx
Cr= sup ——=———r—.
g TeHY(Q) Jo VTP dz

The Poincaré constant for \O/h C H'is

T2d T*d
C;L — Sup fQ 21; < Sup fQ’ | 5 T _ ;’
rev, JoIVTPdz = pepm Jo VTP da

h *
so Cp < C’p.
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This question is based upon the Mastery material “From Functional Analysis to Iterative Methods"
by RC Kirby.
Consider the partial differential equation

=V (v(2)Vu) = f, (12)

on 2, with boundary conditions u = 0 on 052, where f is a known function with || f|| ;2 < oo,

and ~ is a known function with ¢; < v < ¢, for ¢; > 0, ¢ < .

(a)

Briefly formulate a finite element discretisation for this problem using linear continuous finite
elements, and explain how the coercivity and continuity constants of the variational problem
depend on ¢; and ¢,. Give details on the function spaces involved and norms involved.

[6 marks]

Solution: SEEN SIMILAR
The weak form is

/Q’va-Vudx:/Qvfdx,

with the variational problem defined on H 1(Q), the subspace of H'(S2) with traces satisfying
the zero Dirichlet boundary condition. Then the finite element discretisation has the same
weak form with V. C H' ().

The bilinear form is continuous since
J V- Vude < bullm ol m.
so the continuity constant is b, and coercive since
[ AIVultdz > alulfg = o+ O)ulld o)

where C' is constant for the Poincaré inequality, so the coercivity constant is a(1 + C').

A bilinear form a on a finite element space V), defines an operator A : V;, — V] into the
dual space given by
(Ahf)[u] - a(fu u)7 Vf,u S Vh- (13)

In the notation of the paper, the operator 7, : R4™V» — 1/, maps a vector to the function
in V}, with the vector entries as basis coefficients in the nodal basis expansion. The operator
7 : RY9mVe — V/ maps vectors to linear functionals I € V/ given by

(L)) = F1(Z w), Vue V. (14)

(i) Show that
Apu =TI (Au), Yu € V. (15)

where A is the matrix corresponding to A;, and w is the vector of basis coefficients of w.
[4 marks]



Solution: SEEN
Let v =71,v. Then

(Anu, v) = alu, v),
. (z uiasi,zvquj) |
= S wsol6, ),
- (Zjn,,)%,
= (Au)" (I, '),

= (I, Au,v), Vv eV,

as required.

(i)  Hence show that
A= (1)) AT

Solution: SEEN
We have Z,u = u, hence

Au = (I,)glAhU = (I’)glAhIhu, Yu € Vh,
as required.
(c) Now consider a second bilinear form
by (u,v) = / uv 4+ Vu - Voduz,
Q

with corresponding matrix B, and operator B, : V}, — V.

(i) Show that
B'A=1,'B; AT,

Solution: SEEN

B™'A = ((Z}) 'B,T,) (Z;,) AL,
= (Zn) ™ By 'L, (T;,) AR,
= (7)) 'B; AL Ty,
as required.

(i) Explain why B, 'A;, has the same eigenvalues as B~'A.

Solution: SEEN
B~LA is similar to B, ' A;, and so they have the same eigenvalues.
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(16)
[3 marks]

(17)

(18)
[4 marks]

[3 marks]
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